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Abstract

In this study, based on the three-dimensional theory of elasticity, free vibration
characteristics of nanocomposite cylindrical panels reinforced by single-walled carbon
nanotubes are considered. The carbon nanotube reinforced (CNTRC) cylindrical panels
have smooth variation of carbon nanotube (CNT) fraction in the radial direction and the
material properties are estimated by the extended rule of mixture. Suitable displacement
functions that identically satisfy the boundary conditions at the simply supported edges
are used to reduce the equilibrium equations to a set of coupled ordinary differential
equations with variable coefficients, which can be solved by a generalized differential
quadrature (GDQ) method. The results show that the kind of distribution and volume
fraction of CNT have a significant effect on the normalized natural frequency.
Keywords: free vibrations, functionally graded materials (FGMs), nanocomposite,
three-dimensional elasticity solution, cylindrical panel.

Introduction

The biggest specification of carbon nanotubes, which distinguishes them from
the rest of the materials, is the abnormal mechanical, thermal, and electrical properties,
and even more importantly their extraordinary property of fracture strength [1-5]. Also,
all the data gathered from the experiments and simulations indicate that the direction of
the nanotubes embedded in the matrix plays an important role in the determination of
the mechanical properties of the reinforced material [6-8]. Fidelus et al. [9] investigated
the thermo-mechanical properties of the nanocomposite, based on low volume fraction
and random orientation of the single-walled carbon nanotubes. Han et a/. [10] simulated
the mechanical properties of polymer/carbon nanotube composites, using the molecular
dynamics method and also investigated the effect of volume fraction of carbon
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nanotubes on the mechanical properties of the nanocomposite. As it is stated in many of
the researches performed, functionally graded materials (FGMs) are materials whose
properties vary continuously through the thickness direction from one surface to the
other one. Using the concept of FGMs, Shen [11, 12] showed that the functionally
graded distribution of nanotube in the matrix improves the material properties. In these
studies, the investigation of the non-linear bending of a functionally graded plate
reinforced by carbon nanotubes under uniform and sinusoidal loading in a thermal
environment was performed, and further the buckling of a cylindrical shell reinforced
with carbon nanotubes was carried out under axial compressive loading in a thermal
environment, and it was shown that the linear functionally grading of the material,
increases the buckling load. Sobhani ef al. [13] presented a three dimensional elasticity
solution for the free vibration of a functionally graded cylindrical panel, and showed
their results for a functionally grad cylindrical panel with random volume fraction and
fiber angles along the thickness direction. Static and free vibration analyses of
functionally graded structures have been investigated in many papers [14- 21]. The
solution presented in the current paper is based on the numerical method of generalized
differential quadrature, which leads to an eigenvalue problem. The convergence speed
of this method is very high and some sample points are enough to reach an answer with
a reasonably high accuracy. Tornabene et al. [14] also used the differential quadrature
method for the free vibration analysis of a parabolic shell. In this paper, the free
vibrations of a functionally graded cylindrical panel reinforced by carbon nanotubes are
investigated, using the differential quadrature method. The material properties vary
through the thickness direction, and are estimated by the micromechanical model. Since
the micromechanical equations cannot distinguish the difference between the nano and
micro scales, as a result in order to solve this problem, the effectiveness coefficient of
(n) has been introduced, which is obtained from the compatibility of the results
achieved from the extended rule of mixture, with the results achieved from the
molecular dynamics method. The parametric study of the recent study is performed so
as to show the effect of different distribution kinds of carbon nanotubes, including both
symmetric and non-symmetric geometries, volume fraction of the nanotube, and
different geometrical parameters on the free vibrations of the functionally graded
cylindrical panel.

Problem Discussion

Consider the cylindrical panel shown in figure 1, with a finite length in the
cylindrical coordinate system of r, 6, z, where r, 6, and z define the radial,
circumferential, and axial directions, respectively. Properties of the material are a
function of the radial coordinate the panel, in a way that the variations of the volume
fraction of the nanotubes in the panel, happen to vary in four fashions as below,
according to figure 2:
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For kind X v, =4 T v (1-¢)
Where in the above relations, V', indicates the distribution kind of the carbon

nanotubes in the cylindrical panel. Also, it is necessary to mention that for the uniform

distribution in the panel, one must have Vop= V; , Where:

7+ * n
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Wherein, w < is the weight percentage of the carbon nanotube, and p” | pe are
the density of the polymeric matrix and carbon nanotube, respectively.

r

Fig. 1. Geometry of the cylindrical panel.

According to the generalized rule of mixtures, the effective Young's modulus and
the effective shear modus are defined as follows [11]:
E,=nV, E+V,E"
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Wherein, Ef,ES, G*.,v" are the modulus of elasticity, shear modulus,

Poisson's ratio, and density of carbon nanotube, and E™ ,G " ,v" 4" p, correspond to
properties of the matrix. 7, (j =1,2,3)is the effectiveness coefficient of the carbon
nanotube, which is derived from the compatibility of the answers achieved from the

extended rule of mixture, and the answers achieved from the molecular dynamics
method.
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a: UD b: FG -V

c: FG - A d: FG-X

Fig. 2. Distribution kind of carbon nanotube in the panel, a: Unidirectional (UD) form,
b: V form, c: A form, and d: X form.

Governing motion equations
The governing three dimensional motion equations of the problem are as follows:
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The stress-displacement relations in the cylindrical coordinate system are defined
as follows:
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Whereu, , u,, and U, are the radial, circumferential, and axial displacements,

respectively. Boundary conditions for the panel are [23]:
r=a,b o,=1,=1,=0 (12)

0=0,0 u =0,=1, =0 (13)

Semi Analytical Solution
The general relations for the displacement components, which satisfy the
boundary conditions, are as follows:

u, = isin( B.OU,(r).e”

m=1

Uy = cos(B,00U, ()"
m=1

(14)
u, = icos(,b’mﬁ)Uz (r)e”
_MT (=12, =
B, o (m )

Where, m is the number of the waves in the circumferential direction of the
cylindrical panel. The differential quadrature method was first used by Bellman and
Casti in 1971, as a numerical method to solve the partial differential equations [24]. In
this method, if a grid of Nx/points of a physical area are considered in a way that N be
the number of the grid points along the x axis, then the differential quadrature rules for
the derivatives of a supposed function like f{x) are stated as follows [25]:

Jf(x) &

%zgcf:)f(xk) i=1..,N, n=1..,N-1 (16)

Wherein, Cl-(kn)is the weight coefficient related to the x-direction. According to

the generalized quadrature method, the weight coefficients are calculated as follows
[24]:
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The distribution kind of the grid points, which is generally used in papers, is in
the normalized shape in the range of [0, 1], and is stated as follows [26]:
Sample points of Chebyshev-Gauss-Lobatto ) (C-G-L)

X, =l 1—cos i1 T i=L2,...,.N €2y
2 N -1

Now, in this stage, by applying the generalized differential quadrature method,
equations (8) to (10) are made discrete. As a result, in each point of the r; grid, with

i=2,..., N-1, the motion equation of (8) after becoming discrete is expressed as follows:
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Where, C,(kl ) and Cl.k2 ) are first and second order weight coefficients, respectively.

Similarly, by applying the generalized differential quadrature method at the

boundary conditions, the equations are made discrete as follows. Therefore, for the
boundary conditions at r=a, we have:
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Similarly, for the boundary conditions at the value of »=b are achieved as above.

The motion equations after getting discrete are rewritten in the matrix form as
follows:

[Adb]{Uh}"' [Add ]{Ud} =-po’ {Ud} (26)

Similarly, the boundary conditions can also be written as follows:

[4,, ]{U,}+[4,,]{U,} = {0} Q27)

By substituting the relation (27) into relation (26), the eigenvalue problem is
resulted with the following general form:

([4]+ po’111){U, } = {0} 08)
Where:
[4]=[40]-[40]1[ 4] [44] (29)

With this sequence, the system of the eigenvalue equations is achieved, and by
using MATLAB software, the equation (28) is solved, and later the appropriate program
for deriving the natural frequencies of the infinite functionally graded cylindrical panel
reinforced by carbon nanotubes has been developed.

Verification

As it was stated in the previous section, the differential quadrature method is a
numerical method; therefore the correctness of the results must be verified first. For
verification purposes, the results of the present study have been compared with the
results of the study performed by Sobhani et al. [21] on an orthotropic cylindrical panel,
with an infinite length, for different angle values of the panel inlet (@), and the index of
power distribution of p, and the results achieved are presented in table (1). As it is
perceived, there is a good compatibility between the results.
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cu

Table 1 .Comparison of the dimensionless frequency parameter 2= or, for the

ECM

Sfunctionally graded orthotropic cylindrical panel, with an infinite length (v.,,= 0.28, p,,
=19300 kg/m’, E,,= 400 Gpa, v,, = 0.31, p.,= 8960 kg/m’, E.,= 115 Gpa, S=10, m=1).

P P=0 P=0.7 P=1 P=10 P=20
/6

a 1.1754 1.1025 1.0833 1.0805 1.0651
[21] 1.1572 1.0863 1.0485 1.0371 1.0049
/3

a 0.2719 0.2545 0.2427 0.2436 0.2397
[21] 0.2674 0.2421 0.2377 0.2353 0.2301
/2

a 0.969 0.0907 0.0890 0.0905 0.0880
[21] 0.0946 0.0866 0.0847 0.0840 0.0822

a: Present+ study.

Properties of the material
Properties of the carbon nanotube (10, 10) and its polymer are presented in table
2, according to reference [10]. The name of the polymer used is Methyl methacrylate,
which is supposed to be isotropic. The dimensionless frequency parameter of Q is
defined with the @ = ®,,104 Z,)T relation, where pe g are the density, and
11
modulus of elasticity of the nanotube, respectively, and @,,, is the natural frequency of

the cylindrical panel.

Table 2 .Mechanical properties of the matrix and nanotube.

Mechanical Matrix Nanotube
Properties
E 2.5 GPa 600 GPa
Es 2.5 GPa 10 GPa
p 1150 kg/m® 1400 kg/m®
v 0.34 0.19

Investigation of the convergence of the differential quadrature method

In figure (3), convergence and accuracy of the base frequency parameter,
according to the number of the sample points along the radius of the functionally graded
panel reinforced by nanotubes, have been shown for different values of S. By increasing
the number of points, the diagram becomes convergent, and also variations of the
number of points will not have any effect on the accuracy of the answers. In figure (3),
in order to show the accuracy and convergence of the semi-analytical method used,
variations of the base frequency parameter of the functionally graded orthotropic panel
reinforced by nanotubes have been presented for different values of S. It is necessary to
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be stated that, in the solution based on the three dimensional elasticity equations, all the
boundary conditions are simply supported.

9 Q 96—

9.55

95

945 51 |
G 9 —8—8=5
94 —+—5=10

Fig. 3. Convergence and stability of the base frequency parameter of the FG panel
reinforced by V form nanotubes for different values of S (m= 1, ®= 1/6).

Effectiveness coefficient of the carbon nanotube

Because of the van der Waals bond between carbon nanotube and polymer,
transfer of load between the nanotube and the polymer phase does not fully take place,
and since the rule of mixtures is only applicable to continuum environments, it is not
possible to directly use this rule. Also, micromechanical relations like the rule of
mixtures are not capable of considering the difference between the nano and micro
scales; therefore Shen used the effectiveness coefficient (17)to overcome this problem

for the carbon nanotubes [11, 12]. Values of s for different volume fractions of VC*N

have been derived from the analogy of the modulus of elasticity between composites
reinforced with carbon nanotubes, being achieved from the molecular dynamics
simulation, using the predictions done by means of the expanded rule of mixtures. In

table (3), different values of n; have been presented for different values of C*N . Shen
considered this relation to exist between the effectiveness coefficients for carbon
nanotubes: 77, = 0.77, .

Table 3 .Comparison of the Young's modulus of nanocomposites reinforced by single
walled carbon nanotubes (10, 10) at T,2=300 [11].

Molecular Extended rule of
o dynamics [10] mixtures
cn
El I(GPa) Ezz(GP&) E] I(GPa) 771 E22(GPa) 772
0.12 94.6 2.9 94.78 1.2833 2.9 1.0556
0.17 138.9 4.9 138.68 1.3414 4.9 1.7101

0.28 224.2 5.5 224.50 1.3238 5.5 1.7380
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As it is seen, the values of the effectiveness coefficient stated in the above table,
are achieved from the comparisons made between the studies performed on carbon
nanotubes (10, 10) by Shen [11] and references [6, 10].

Investigation of the effect of different parameters on frequency parameter
In this section, the effects of the nominator of the transverse wave, m, on the
frequency parameter are investigated. In figure (4a), variations of the frequency
parameter versus the number of circumferential waves of the panel uniformly reinforced
by carbon nanotubes, have been presented for different volume fractions of the
nanotube. This figure shows that the increase of the number of transverse waves, and
also the increase of the volume fraction of the nanotube, increases the base frequency
parameter. It is necessary to be stated that, the number of the sample points is chosen to

be N=17, and the volume fraction of the nanotube is supposed to be V=0.28 in all the
figures.
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Fig. 4 Variations of the frequency parameter versus the number of circumferential
waves for: (a) different volume fractions of the nanotube, (b) different inlet angles of the
panel, (c) different kinds of nanotube distribution in the panel (S= 100, ®= w/6).
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In figure (4b), variations of the frequency parameter versus number of
circumferential waves have been shown for different inlet angles of the cylindrical
panel, and it is seen that increase of the size of the inlet of the panel, decreases the
frequency parameter, and also, the increase of the number of circumferential waves,
increases the frequency parameter of the panel. Nanotube distribution in this figure is of
uniform shape. In figure (4c), variations of the frequency parameter, versus number of
circumferential waves have been shown for different kinds of the nanotube distribution
in the cylindrical panel, and as it is was stated earlier, and as it is observed here in this
figure, the highest value of the frequency parameter for the nanotube distribution exists
for the X form.

In figure (5), the base frequency parameter of the panel reinforced by carbon
nanotubes has been shown in terms of the number of transverse waves and different
values of § parameter. Figure (5) indicates the fact that, necessarily by decreasing the
radius to thickness ratio, S, and increasing the number of waves; the maximum value of
the base frequency is not achieved. For better understanding of this issue, a three
dimensional diagram of the frequency parameter has been presented, in terms of the
number of the transverse waves, the radius to thickness ratio, S, for different inlet angles
of the panel, and also for the uniform nanotube distribution.

2
s 1000

Fig. 5 Variations of the frequency parameter in terms of circumferential waves (m) and
parameter S (P= 7/6).

Now, the effect of the middle radius to thickness ratio of the panel, S, on the base
frequency parameter is investigated. In figure (6a), the effects of the middle radius to
thickness ratio of the panel, S, on the dimensionless base frequency parameter of the FG
cylindrical panel uniformly reinforced by carbon nanotubes has been shown for
different volume fractions. By the increase of the volume fraction of the nanotube, for
different values of the S ratio, the frequency parameter increases, and as the S ratio
increases, the frequency parameter decreases. The effect of different kinds of nanotube
distribution on the base frequency parameter of the FG orthotropic cylindrical panel
with infinite length, in terms of the S parameter, has been shown in figure (6b). In this
figure, it is shown that the kind of nanotube distribution in the FG cylindrical panel with
infinite length, for the variations of the S ratio, has little effect on the frequency
parameter. The effect of inlet angle of panel on the base frequency parameter of the FG
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cylindrical panel reinforced by carbon nanotubes, in terms of the S parameter, has been
presented in figure (6¢). In this figure, nanotube distribution in the cylindrical panel is

considered to be of V form. As it is seen, by the increase of the S ratio and the inlet
angle of panel, the base frequency parameter is decreased.

Conclusion

In this paper, the vibration analysis of a FG polymeric cylindrical panel

reinforced by carbon nanotubes has been investigated, based on the three dimensional

elasticity theory, using the extended differential quadrature method.
a 10

b 10/

¢ 10
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il | O e |
b 90
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Fig. 6. Variations of the frequency parameter versus S for: (a) different volume
fractions of nanotube, (b) different kinds of nanotube in the cylindrical panel,
(c) different inlet angels of the panel.

Gradual change of material properties is considered as the linear volume fraction,
at the constant volume percentage of the carbon nanotube. Since, so far no studies have
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been performed on the vibrations of the FG cylindrical panel reinforced by carbon
nanotubes, this study is aimed at understanding the vibration behavior of these new set
of materials. In the current study, variations of the volume fraction of the carbon
nanotube are considered along the radial direction, and the properties of the materials
are achieved from the micromechanical model of the materials, but the micromechanical
model of the materials is not capable of distinguishing the difference between nano and
micro scales, therefore, in order to cope with this problem, an effectiveness coefficient
of 77 is used. The effect of the volume fraction of the carbon nanotube, different
boundary conditions, and also kinds of the nanotube distribution in the FG cylindrical
panel reinforced by carbon nanotubes have been investigated in this article.
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